Introduction
Boolean functions on the space F m 2 are not only important in the theory of error-correcting codes, but also in cryptography, where they occur in private key systems. In both cases, the properties of systems depend on the nonlinearity of a boolean function. The nonlinearity is linked to the covering radius of Reed-Muller codes (cf. for instance P. Langevin [9] ). It is also an important cryptographic parameter (cf. the article by F. Chabaud and S. Vaudenay [3] and the thesis of Caroline Fontaine [7] or the recent article by C. Carlet [1] ).
It is useful to have at one's disposal boolean functions with highest nonlinearity. These functions have been studied in the case where m is even, and have been called "bent" functions (cf. Dillon [4] ). For these, the degree of nonlinearity is well known, we know how to construct several series of them, but we do not know yet their number, nor their classification (cf. works by Carlet, in particular the article of C. Carlet and P. Guillot, [2] ).
In the case where m is odd, the situation is quite different. We do not know the value of the maximal nonlinearity but for some value of m, and we have only a conjecture for the other values.
The problem of the research of the maximum of the degree of nonlinearity comes down to minimize the Fourier transform of boolean functions. It is a problem analogous to Fourier series on the real torus, where one wants to minimize the transform of these functions on Z which take values ±1 for a finite set (and 0 elsewhere), or one wants to minimize the values of polynomials with coefficients ±1 (random polynomials) on the set of complex numbers of module 1.
In this article, we have been inspired by the works of Salem and Zygmund [15] and by Kahane [8] on random polynomials, and we have transposed them on boolean functions. In this way, we find an evaluation of the mean of the maximum of the absolute values the Fourier transforms of boolean functions, which is not very far from the theoretical minimum value 2 m/2 . This gives an evaluation of the mean of the degrees of nonlinearity of these functions. We find in particular the fact that the boolean functions have in majority a high nonlinearity, a result found recently by C. Carlet [1] .
Moreover, by transposing a work of D. Newman and J. Byrnes [11] on the norms in L 4 of polynomials, we studied also a weaker conjecture about the moments of order 4 of the Fourier transform of boolean functions. This paper is an extended abstract of the paper [14] which contains complete proofs of these results.
Preliminaries

Boolean functions
Let m be a positive integer and q = 2 m .
Definition 2.1 A boolean function with m variables is a map from the space
A boolean function is linear if it is a linear form on the vector space F m 2 . It is affine if it is equal to a linear function up to a constant.
Nonlinearity
Definition 2.2 We call nonlinearity of a boolean function f : V m −→ F 2 the distance from f to the set of affine functions with m variables:
where d is the Hamming distance.
One can show that the degree of nonlinearity is equal to
where
and v · x denote the usual scalar product in V m . We call S(f ) the spectral amplitude of the boolean function f .
Covering radius of Reed-Muller code of the first order
This spectral amplitude is linked to the covering radius of Reed-Muller code. Indeed a Reed-Muller code R m of order 1 on V m is the vector space of affine boolean functions on V m . The covering radius r m of the code is the highest degree of nonlinearity of boolean functions on V m .
Known results, conjecture
The covering radius of Reed-Muller code of the first order is well known. For an even dimension m, bent functions reach the lower bound 2 m/2 of spectral amplitude. For odd m, 2 m/2 √ 2 has been a long time the only known lower bound of S(f ).
In 1983, Patterson and Wiedemann [13] have shown that one can do better for m = 15. They have exhibited a boolean function f such that
They have conjectured that inf
(1)
Case of torus on R
Fourier series on the torus (that is on the group of complex numbers of module equal to 1) present an analogous problem. Let us replace the functions x −→ (−1) v·x for v ∈ V m , which are characters of V m by characters of the torus x −→ e isx for s ∈ Z.
The conjecture can then be rewritten
where a s,n = ±1. So, it claims that there exists a sequence of polynomials P n (z) = n s=0 a s,n z s with a s,n = ±1, and a sequence of positive numbers n which tend to zero such that for all |z| = 1, |P n (z)| ≤ (1 + n ) √ n. Several authors such as J. E. Littlewood [10] , and P. Erdös [6] have asked for the same problem. The latter has conjectured that on the contrary there exists δ > 1 such that for all integer n and complex number z of module 1, one has |P n (z)| ≥ δ √ n. J-P. Kahane ([8] ) solved the problem for complex coefficients a s,n of module 1. He has proved that in this case, lim n inf P n ∞ √ n = 1. But nothing has been done for the initial problem. Moreover, Kahane used to solve this problem exponentials of the form e πin 2 /a , which are exponentials of quadratic forms in n, but in our case they do not give any complete result for odd dimensions m. With that he works out a polynomial which solves almost the problem. Then he adjusts this polynomial by using an argument of probabilities.
The space of boolean functions with an infinity of variables
To study asymptotically the boolean functions, we will need the notion of boolean functions with an infinity of variables.
The space Ω
We recall that V m = F m 2 . We define Ω m as being the algebra of boolean functions on V m and V ∞ as being the space of infinite sequences of elements of F 2 which are almost all equal to zero. We define Ω = Ω ∞ as being the algebra of boolean functions on V ∞ .
We have the restriction mappings π m :
We will endow Ω with a probability which will be the Haar measure on it with total mass 1. For each f ∈ Ω m , the probability of the event π −1 m f is given by
Distribution of S(f )
We have by Parseval identity:
We will show that in fact S(f ) is often close to √ q.
Upper bound of S(f )
The following result shows that few boolean function have a high spectral amplitude.
Theoreme 4.1 If f is a boolean function on V m , and η a positive real, one has
P S(f ) ≥ (1 + η) 2q log q ≤ 1 q 2η .
Corollary 4.1 We have almost surely
where f is in the space Ω. 
Lower bound of S(f )
The following theorem shows that the spectral amplitudes of boolean functions are not too small. It is inspired by Salem and Zygmund [15] who deal with the real torus. 
Corollary 4.2 We have almost surely
where f is in the space Ω.
Sketches of the proofs
The proofs come from the following three ingredients. We denote by E(X) the expectation of a random variable X.
• If X is a square integrable random variable, if 0 < λ < 1 and a > 1:
• One gets by elementary computations:
Studying S 4 (f )
Let us go back using an idea of D. Newman and J. Byrnes [11] . They have remarked that, in the case of Fourier series on Z, the norm in L 4 of n ±e int had a nice expression. It is the same for boolean functions. For f a boolean function, let us denote
We remark that 2 m/2 ≤ S 4 (f ) ≤ S(f ). Consequently, the conjecture (1) implies a weaker conjecture: 
We have the following simple expression for S 4 (f ).
Lemme 5.1 If f is a boolean function on
From lemma 5.1, one can compute the expectations E(S 4 (f ) 4 ) and E(S 4 (f ) 8 ). Using these one can prove the following proposition. 
Proposition 5.1 If f is a boolean function on V m , and t a positive real number,
P S 4 (f ) 4 q 2 − 3 + 2 q ≥ t ≤ 40 t 2 q
Asymptotic results
From lemma 5.1, we have 1 If we prove that φ(u) = lim q→∞ φ q (u) exists for every u ∈ R (taking eventually infinite values) plus some technical conditions, we would deduce by a theorem on large deviation [5] , the conjecture 5.1, that is for given , for every q large enough, there exists f such that 1 √ q S 4 (f ) − 1 < .
